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Abstract

The Maxwell-Dirac equations are the equations for electronic matter, the
‘classical’ theory underlying QED. The system combines the Dirac equations
with the Maxwell equations sourced by the Dirac current. A stationary
Maxwell-Dirac system has ¢ = e '£/¢, with ¢ independent of . The system
is said to be isolated if the dependent variables obey quite weak regularity and
decay conditions. In this paper, we prove the following strong localization
result for isolated, stationary Maxwell-Dirac systems,

e there are no embedded eigenvalues in the essential spectrum, i.e. —m <

E <m;
e if |[E| < m then the Dirac field decays exponentially as |x| — o0;
e if |E| = m then the system is ‘asymptotically’ static and decays

exponentially if the total charge is non-zero.

PACS numbers: 11.10.Lm, 11.10.—z, 12.90.+b, 13.40.—f

1. Introduction

The Maxwell-Dirac system consists of the Dirac equation
Yy (0y — 1eA)Y¥ + imy =0 (1)

with electromagnetic interaction given by the potential A,; and the Maxwell equations (sourced
by the Dirac current, j¢),

Faﬂ = aaAﬂ — aﬂAa B“Faﬂ = —4ﬂ€jﬂ = —47‘[61}]/,31//. (2)

Most studies of the Dirac equation treat the electromagnetic field as given and ignore the
Dirac current as a source for the Maxwell equations, i.e. these treatments ignore the electron
‘self-field’. A comprehensive survey of these results can be found in the book by Thaller [1].
This is not surprising, inclusion of the electron self-field via the Dirac current leads to a very
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difficult, highly non-linear set of partial differential equations. So difficult in fact that the
existence theory and solution of the Cauchy problem was not completed until 1997—seventy
years after Dirac first wrote down his equation! In a stunning piece of non-linear analysis,
worked out over almost a twenty year period, Flato et al [2] solved the Cauchy problem for
small initial data. Other contributors to this work on the existence of solutions would include
Gross [3], Chadam [4], Georgiev [5], Esteban ef al [6] and Bournaveas [7].

There are no known non-trivial, explicit solutions, i.e. exact solutions in terms of
elementary functions, to the Maxwell-Dirac equations in 1 + 3 dimensions—all known
solutions involve some numerical work. These solutions do, however, exhibit interesting
non-linear behaviour which would not have been apparent through perturbation expansions.
The particular solutions found in [8—10] exhibit just this sort of behaviour—Ilocalization and
charge screening. See also Das [11] and the more recent work of Finster et al [12].

Finster et al also point out in [13] that solving the system (Einstein—-Maxwell-Dirac
system in their case) gives, in effect, all the Feynman diagrams of the quantum field theory,
with the exception of the Fermionic loop diagrams. Study of the Maxwell-Dirac system
should provide an interesting insight into non-perturbative QED.

The aim of the present work is to obtain qualitative information on stationary solutions
of the Maxwell-Dirac system, in doing so one would hope to be able to say something about
Maxwell-Dirac models of some simple natural systems involving the electron. In fact, it is
surprising that so little is understood about these systems. There is no Maxwell-Dirac model
for a single isolated electron. If we compare the situation to that in the other great physical
theory of the 20th century, General Relativity, the situation could not be more stark. There are
a host of solutions to Einstein’s equations representing single, isolated gravitating bodies.

In this paper we will prove the following result:

Main theorem. A stationary, isolated Maxwell-Dirac system has no embedded eigenvalues,
e. —m < E < m.

If |E| < m then the Dirac field, decays exponentially as |x| — oo.
If |E| = m then the system is ‘asymptotically static’ and, if the system has non-vanishing
total charge, decays exponentially as |x| — oo.

The content of the theorem will be established through theorems 1 to 5 in sections 4
to 7. Parts of the theorem (e.g., no embedded eigenvalues) are reasonably well known under
somewhat different assumptions—see for instance the book by Thaller [1] and the work of
Berthier and Georgescu [14]—although the approach taken here is rather different in that the
fields are subject to only weak regularity and decay conditions in the asymptotic spatial region.
This approach means that we find an explicit expression for E in terms of the limiting values
of the field variables.

The paper is organized as follows. First, we give a brief overview of 2-spinor methods
applied to the Maxwell-Dirac equations (some details of 2-spinor calculus may also be found
in the appendices). In section 3 the definitions of stationary, isolated systems are given and
some simple consequences are explored. In section 4 we address the important question
of embedded eigenvalues in the spectrum of the Dirac operator, the main results being
proposition 1 and theorem 1. In section 5 we examine regularity and decay issues with
the main results given in theorems 2 and 3. The next section, section 6, looks at the special
case |E| = m and its relation to a generalization of the static systems of [16]. In section 7 we
prove the exponential decay of the Dirac field in the |E| = m case. Finally, in section 8, we
conclude with a brief discussion of the results.
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2. The Maxwell-Dirac Equations

In this section, we give a very brief account of the 2-spinor formulation of the Maxwell-Dirac
equations, details may be found in [9], some of the ‘mechanics’ of the 2-spinor formalism are
collected in appendix A at the end of the paper.

In [9], the 2-spinor form of the Dirac equations was employed to solve (1) for the
electromagnetic potential, under the non-degeneracy condition j*j, # 0. In terms of 2-
spinors—see below—the non-degeneracy condition can be written as ucv® # 0, since
j%ju = 2JucvC|?. Requiring A% to be a real four-vector gives a set of partial differential
equations in the Dirac field alone, the reality conditions.

For 2-spinors u 4 and v® (see [15] for an exposition of the 2-spinor formalism), we have

u
U= (_g) with  ucv® # 0 (non-degeneracy)
v
where A, B =0, 1, A, B =0, I are 2-spinor indices. The Dirac equations are
) ) im ) ) im
044 — 1A MUy + —04 =0 04 + ieAMvs+—a? =0  (3)
V2 V2
where 944 = ¢%443, and A% = %44 A,; here 0944 are the Infeld—van der Waerden
symbols.
The electromagnetic potential is (see [9] for details),
) i . ) im ) )
AM = v 0P up +ut 9P ug + —@lat + vttt 4
e(uvy) { Up +u B ﬁ(u u ) 4)

The reality conditions are,

) im .
M (uaiy) = —ﬁ(ucvc )

AAy, = im . _C-
07 (vaDy) = ﬁ(u Ve — il V¢) 5)

MAaAAl_)A — T)ABAAMA =0.
The Maxwell equations are,
0 Fup = —dmejp = —4me/20 A (uaitj + vaT,). (6)

The equations (4), (5) and (6) are entirely equivalent to the original Maxwell-Dirac
equations, (1) and (2).

3. Isolated, stationary Maxwell-Dirac systems

We recall the definitions of [16] for stationary and isolated systems.

Definition 1. A Maxwell-Dirac system is said to be stationary if there is a gauge in which
Y = €'}, with the bi-spinor ¢ independent of t. Such a gauge will be referred to as a
stationary gauge.

Clearly, a stationary gauge is not unique—any gauge transformation ¥ — e
leaves the system in a stationary gauge. Note that under such a gauge change we have,
AY — A% — 257. We are interested in isolated systems, i.e. systems for which the fields
decay suitably as |x| — o0, in this case we will require that A — 0 as |x| — oo in some
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stationary gauge. In this particular gauge we will write ¥ = e /¢, for the stationary gauge
in which A? — 0 as |x| — oo. Note that for any stationary system in a stationary gauge A%
is independent of time, ¢, (see equation (4)).

In most physical processes that we would wish to model using the Maxwell-Dirac system,
we would be interested in isolated systems—systems where the fields and sources are largely
confined to a compact region of R?. This requires that the fields decay sufficiently quickly as
|x| = oo.

The best language for the discussion of such decay conditions and other regularity issues is
the language of weighted function spaces: specifically weighted classical and Sobolev spaces.
In [16] the weighted Sobolev spaces, W; P were used following the definitions of [17]. These
definitions have the advantage that the decay rate is explicit: under appropriate circumstances
a function in Wsk’p behaves as |x|® for large |x|. An element, f, of Wsk’p has a_‘”'“'_%a‘“‘f
in L? for each multi-index o for which 0 < || < k; here 0 = /1 + |x|? and we are working
on R? (or some appropriate subset thereof )—see [17] or [18] and [19] (the latter papers use
a different indexing of the Sobolev spaces). We will make use of the Sobolev inequality and
frequent use of the multiplication lemma.

Sobolev inequality (see [17, 18]). If f € Wy then
(i)

. np
1fll s <Clflegs i n—kp>0 and p<q<
i (n—p)

(ii)
I fllocs < CllLf llk,p.s if n—kp<0 and |f(x)|=o0(") as r— oo.

Multiplication lemma (see [18]). Pointwise multiplication on E, is a continuous bilinear
mapping
k.2 k.2 k2
W= x W™ — Wi

lfkl,k2>k,k <k1+k2—n/2and8 >51+52.

We will be interested in the asymptotic region (spatially) of the Maxwell-Dirac system,
which we denote by E, = R*\B,,, where B, is the ball of radius p. We will take our fields
to be elements of the function spaces Wak P(E ») for certain values of the indices k, p and
6. Before introducing the precise definition of an isolated system, we must (following [16])
introduce some notation.

Suppose we have a stationary system and we are in a stationary gauge for which A* — 0
as x| — oo. Write, uy = e U, and 9 = e £/ V4 with Uy, V4 and A® all independent
of time, . Note that ucv® = Uc V€ is a gauge and Lorentz invariant complex scalar function,
this means we can introduce a (unique up to sign) ‘spinor dyad’ {04, (g} with 104 = 1—some
facts on 2-spinor dyads are collected in appendix A at the end of the paper. The dyad is defined
as follows, let UcVE = R e'X*—where R and x are real functions—then write,

UAzx/EeigoA and Va =x/Eei§tA.

Note that we must have R > 0 (almost everywhere) because of our non-degeneracy
condition.
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We can now define our isolated systems, note this definition is a little more general than
the definition of [16].

Definition 2. A stationary Maxwell-Dirac system will be said to be isolated if, in some
stationary gauge, we have

iy
. €204
Y= elEtx/E< . )
e 21

with E constant and ~/R € WE’TZ(EP); C%XOA, C%XLA € WS’Z(Ep) and A* € W2 (E,), for

—l+e
some T > %,p > 0 and any € > 0.

Remarks.

e This definition ensures, after use of the Sobolev inequality and the multiplication lemma,
that ¢ = o(r~7*¢) and A = o(r—*¢).

e Note our condition places regularity restrictions on the fields in the region E, only. In the
interior of B, there are no regularity assumptions.

e A minimal condition that one may impose on the Dirac field is that it have finite total

charge in the region E,, this amounts to

/ jldx = f (Ul +|UL* + VO + V') dx

E E,

4

= / R(lool* + lo1* + [:°)* + | *) dx < oo.
Eﬁ
This, of course, simply means that U, and V4 are in L?(E,). So U, and V# would have
L? decay at infinity; roughly, they would decay faster than |x |‘%, i.e. we require at least
T > %
e The spherically symmetric solution of [9] provides an excellent example of an isolated,
stationary and static Maxwell-Dirac system.

With our assumption that the Maxwell-Dirac system is isolated and stationary, we
can impose the Lorenz gauge condition, without altering the above regularity and decay
assumptions on A®. To see this we note that

—2+e

3
0, A% = ZaJ-AJ e W' (E,)
j=1

and that the Laplacian, A, gives an isomorphism W32 — Wi’22+e (we may assume € < 1)—see
[20, 21] (and also [17-19]). This means there is a unique solution, Q € W>2(E,), of the

equation
AQ+9,AY =0.

Consequently, for the gauge change A, — A, = Ay + 0,2 we still have A* € WE’12+€, with
A% satisfying the Lorenz gauge condition.
The electromagnetic potential of our stationary, isolated Maxwell-Dirac system will be

taken to satisfy the two equations,

AA* = d71ex26  R(040 4 + 14l ) (7)
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SRPYY,
hA =) 2= =0. 8)
= o

To end this section we present a simple result which we will need in the following sections.

Lemma 1. Fora stationary and isolated Maxwell-Dirac system, in the Lorenz gauge,

A% — | | e w> 2(Ep) qo a constant and )
Al e W3(E,) j=123 and n=2t-1) > 1. (10)
Proof. Firstly we note that the source term of the Maxwell equation (7) is in W322I e (Ep)ie.
j% € W ,.(E,). The Laplacian gives an isomorphism between W_ZZ(T —e_1) and Wk .

see [20, 21] (also [17-19]). So there exists an a® € Wi’zz(ffeq) = W_,7 such that,
Aa® = 4mej©.
Now, as A% € W2 (E,), we have

1+€
A% = ki3 +a”,
x|
where the ¢, are constants. Applying the Lorenz condition we find ¢; =0, for j =1, 2, 3.
U

We can improve the decay rates here to higher (negative) order harmonic polynomials,
at the expense of regularity, by using the Dirac equations to get j* € WE’ZZ(I +1)42¢ (Ep)—but
lemma 1 is sufficient for our purposes.

The constant g is the total electric charge of the system (i.e., the electric charge of the
Dirac field plus the charge due to any external sources in B),); this is easily seen by taking a
Gauss integral over the sphere at infinity of the electrostatic field (given by the gradient of A°).

4. No Embedded eigenvalues

A famous theorem of H Weyl asserts the invariance of the essential spectrum of the perturbation
of an operator if the difference of the resolvents of the perturbed and original operators is
compact, see section 4.3.4 of [1]. In standard notation we have, for a stationary system with

Y =etg,
H¢p =E¢ with —)/OZ)/ (—1—+eA/>+(y m — eA®)

the free operator, Hy, has A* = 0. Consequently, we have
Proposition 1. The Dirac Hamiltonian operator H of a stationary and isolated Maxwell-Dirac
system has the same essential spectrum as the free operator, i.e.

Oess(H) = 0ess(Hy) = o (Hp) = (=00, —m] U [m, 00).

Proof. Note that H satisfies the conditions of section 4.3.4 in [1], because of our decay
assumptions on the electromagnetic potential. So the theorem follows as a simple adaption of
the theorem of [1]. O
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We will now prove that for our stationary isolated systems there are no embedded
eigenvalues, E (the ‘energy’).

Theorem 1. A stationary and isolated Maxwell-Dirac system has no embedded eigenvalues
E i.e. —m < E < m. In particular, the following limit exists,

E . cos x
— = lim

m |x|—00 /1+%)L2

. o _ _a A=A a _ o A=A
with [ =o0,,0"0 and n =0, T

3
where 1% = Z(lj +n')?
j=1

Remarks.

e The result needs the Maxwell equations only in order to derive the decay result for A*
of lemma 1. The result remains true for the Dirac equation alone if we assume the
appropriate decay for A*.

e The only conditions required are the rather weak regularity and decay conditions of an
isolated system. No positivity conditions on the potential are required, cf section 4.7.2
of [1].

Proof. The proof is remarkably simple, it is a matter of exploiting the notation introduced
in definition 2. We begin by re-writing the 2-spinor form of the Dirac equations, (3), in this
notation. We have,

oa (0MR 4 Ad hAA im i
— + 10 +90 — ieB +—e %1% =0
) ( R X oA e oA ﬁ

Y

ta [9MR \ \ Cim
“ + My ) £ 00, 1 ieBMi, + I emixgh — 0
2\ R V2
where B* = Eg§j + A“.

We combine these two equations into a single (equivalent) equation which gives the
derivative a‘;f + 10y x. To do this multiply the first equation by ¢z and the second by op and

subtract. Using o4tp — 0pts = €4p (see appendix A), we have
BAAR

+ iaAAX — 2i(tp0p + lBOA)BBA + z(lAaBAOB - OAaBALB)
+\/§im(LAZA —0A5A) e_iX =0. (12)

We now use the multiplication lemma to place the terms of the equation into an appropriate
weighted Sobolev space:

® 04X € w22

i+ (Ep), since (from definition 2),

) A 5
el = 7 4el20, € W23€’ (E,);

e (taop +1504)BE ;i = (1405 + 1pop)(Ec 8 4 + AP ), breaking this into two terms we
have,

(taop +130A)Ec® ; € W) (E,) (taop +130)A® ; € W22, (E,)

this last inclusion uses lemma 1;
B B 2,2
° LAa AOB — 0,43 AlB € W—1+25(E/))‘



5670 C J Radford

So that equation (12) implies,
BAA R

— 2i(ta0p + tgoa) Ea® j + V2im(iat; — 040;) 67X € W22, _(E,). (13)
We now contract equation (13) with 0464 and so on. Using, the results of appendix A (in
particular the last two facts), we have, after splitting the resulting equations into real and
imaginary parts,

0 R

+/2msin x (ng — L) + i(m° — m®)E(m g — m°my) € W, (E,) (14)
(° = 1%, m® +m")E, (I° + n°)E — V2mcos x € W22, (E,). (15)
Now (using appendix A),
1
1040 = 7 (lool* + 011> + lto* + ]c1|*) > 0
and

3
& +na)77aﬁ(lﬁ +n/3) — (10 +n0)2 _ Z(lj +I’lj)2 )
j=1

here 1, is the Minkowski metric. So we have,

3
1 1 1 . . / 1
ﬁ(l0+n0)=ﬁ(lo+no)= 1+§ E (lJ +I’lj)2: 1+§)\,2.

J=1

From the last inclusion of equation (15) we have

L o, o 1, 2,2
%(l +n)E—mcosyx = l+§A E—mcosy € W2, (Ep).

1
Note that, (1 + %)»2) 2 e Wi’z and consequently,

E cos x
— - == € W2 (Ep).

m 1
V1+342

Finally, from the Sobolev inequality we have,

E cos
- _ 7)( < C|x|7l+66

m /1.1
1+ 5)\.2
for any € > 0 and some constant C. Hence the limit |x| — oo of the left-hand side exists and
is zero, which completes the proof. U

5. Regularity and decay

A stationary Maxwell-Dirac system is an elliptic system of partial differential equations. So
it should be a simple matter to apply the theory of elliptic regularity to obtain the best possible
regularity results for the Maxwell and Dirac fields. That this is indeed the case is demonstrated
in the next theorem.

Theorem 2. A stationary Maxwell-Dirac system for which, Ua, Vs € L*(E,) and
A% e L}OC(E,)), is C®, i.e. U,V and A are in C*(E),).
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Proof. First we note that we can always find a gauge transformation which takes A into the
Lorenz gauge while leaving it in the same Lebesgue space.

We have a set of Poisson equations for the A (equation (7)), and the elliptic Klein—Gordon
equations (B.2) (i.e., the second-order equations derived from the first-order Dirac equations).
These equations take the form,

3
AA® = 4rej® AUj+2ie Yy A10;Us = (m* — ED)Us +h4Ug
j=1
where h% is a quadratic function of the A; with a similar equation for the V. As U and V
are in L?(Ep), j* is in L'(E,), so the A must be in L?OC(EP). Putting this information into
the U and V equations, we conclude (after the use of the Holder inequality) that the AU,

6
are in L; (E,) and so the U and V are in L?OC(EP) (elliptic regularity). We can now
conclude that all the fields are in C%* and then in C>%. Iterating, we finally find that the
fields are in C*°(E,) (this is the classical ‘bootstrap” argument, see ch 10 of [23] or ch 9
of [22]). O

In the case of the free Klein—Gordon equation it is easy to see that, in the stationary case,
if E2 — m? < 0 then the Dirac field decays exponentially. This fact remains true for our
stationary isolated systems.

Theorem 3. For an isolated and stationary Maxwell-Dirac system, with E> # m?, the Dirac
fields U and V (along with all their derivatives) decay exponentially as |x| — oo.

Proof. With E? % m? and theorem 1 we have |E| < m.

We now cast our Klein—Gordon equations in a form suitable for the application
of the maximum principle. Firstly, A(JU|>) = UAU + UAU + 2|VU|?, so using
equation (B.3):

3
A(Uo)> + UL = ZieZ(UoAjaon — UpA7d;UUAYD,; U, — U, A79,Uy)
j=1
+2(m* — E>)(IUol* + |U1*) + 21V Uo|* + VUL *)
—2[2¢EA” + & A*AJ(1Uo)* + UL *) — ie(@A — 3 A)(IUol* — UL )
—2ie[(—3,A + dAHYUU, — (—d,A + dAYUyU, 1. (16)

We will use the following comparison function,

e V2klx|
with Co = p eV2ke sup [A(x)] and k>0,

| lx|=p

w(x) = Cy

where h(x) = (|Up|*> + |U1|? + | Vo|* + |V1]?); the supremum in the definition of Cy is well
defined and finite since we have by the Sobolev inequality, 0 < h(x) < C|x|72~9, on E,,,
for p large enough. Note that we have Aw — 2k*w = 0, on E,,.

We show that

Alh(x) — w(x)] — 2k*[h(x) — w(x)] > 0.

The following inequalities will be needed—in each case we have used the Sobolev inequality
on the A (after use of lemma 1). Firstly,
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3
1Y (UoAT9;00 — UgA70;UoU1 A70,; Ty — U, A79;U1)
j=1

[A73; x (loo|* + |01]*) + (00 A7 3,50
1

R
J
—89A 300 +01A73;01 — 01A7dj01)]

3

> —2—R
x|

C 2 2 2 2
> —mR(|00| + lo1]” + [eol” + [t1]7)

C
= —|71|(|U0|2+|U1|2+|V0|2+|V1|2)

where we have used,
A 0 1 1 2 2 2 2
L= 1["0al = [t00 + 1 01] < 5(lool” + |o1]” + [o]” + |t1]7)-

Next, in a similar vein, we have

C
—2[2¢EA° + 2 A%A,] > —|—2|
X
—ie(d@A — dAY(|Uo|* — |U1|») > —e|dA — dA|(|Uo|* + UL P
C;
> —W(|U0|2+|U1|2)

i} N C
—2ie[(—8,A + dANYUoU; — (—3,A + A3 UyUy] > —ZﬁonUﬂ
X

Cy
> ——(1Uo* + U, ")
x|
here the C; are positive constants.
With the use of equation (16) and the inequalities we have,

C C C
AL(Uo? + U )] = [2(m2 —E%) - |72| - |x—|32 - ﬁ—} (Uol? + U1 %)

C
—|71|h<x) +2(VU + VU, ).

There is, of course, an entirely similar equation for |V°|? +|V!|2. Adding these two equations
gives, for every k such that 0 < k < /m? — E2,

Alh(x) — w(x)] — 2K [h(x) — w(x)]
C
> [2(m2 —E?*— k%) — l—J h(x) + (IVU* + VU > + |V Vo[> + [V Vi)
X
> 0, for p large enough.

Applying the maximum principle on E, we see that the non-negative maximum of /(x) —
w(x) must occur at infinity or on x| = p. However,

I l‘im [A(x) —wx)] =0 and [A(x) — w(x)]jx=p < 0.

We conclude that [2(x) — w(x)] < O on E,, so that
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efﬁkIX\
ol + 1L+ VAP + VI < Comr
So the U and V decay exponentially.

Differentiating the Klein—Gordon equations we can use the same procedure to show
that the first derivatives decay exponentially. After taking account of theorem 2, we can
iterate this procedure once we note that the solution for A* can be written as the sum of
an harmonic polynomial (of negative degree) and the convolution of j* and the appropriate
Green’s function. U

This theorem does not deal with decay of solutions in the case |E| = m. It is clear that
the solutions in this case need not decay exponentially. The spherically symmetric solution of
[9] is a case in point, this solution has |E| = m and R ~ \f_lo”* as |x| — oo.

The case |E| = m is in a sense quite unique, as we will see in the next section.

6. | E| = m and asymptotically static systems

In this section, we will prove a theorem which neatly ties together the |E| = m case and the
concept of an asymptotically static solution.

In [16] the idea of a static Maxwell-Dirac system was exploited to show that if the system
was also stationary and isolated then the system was necessarily electrically neutral, with
|E| = m. A static Maxwell-Dirac system is one for which (in some Lorentz frame) the spatial
components of the Dirac current vanish. With the Dirac current written as,

j*=~20% (wat + v1oh) = V2R( +n?) = V2Ro®, , (045" + AT
we would require for a static system that F+n*=0,k=1,2,3. We will now generalize this

concept to that of an asymptotically static Maxwell-Dirac system.

Definition 3. A Maxwell-Dirac system will be called asymptotically static, with decay rate
and differentiability index s, if I¥ + n* = akAA (020 + 1414 € Wf’,(z(Ep)for some p, k > 0
andk =1,2,3.

So an asymptotically static system decays towards a static system, as |x| — oo. The unit
vector, % (I* + n*) (in the direction of the current, j*) has only a time-like component in the
limit as |x| — oo.

To take full advantage of this definition, we will need to recast it in terms of the individual
variables 04, and ¢4, this is done in the following lemma.

Lemma 2. An isolated and stationary Maxwell-Dirac system is asymptotically static if and
only if
10—50 ! —0j € WZ,’,EH(E/,)
where t = min[3, s].
Proof. First assume the system is asymptotically static with decay rate x and differentiability s.

From the proof of theorem 1 and definition 3, we have

(lool* + loi > + 1O + ') —4 =2(° +n")? — 4

3
=2 (F+nh) e W (Ep).
k=1
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Consequently, as [(|og|? + [o1|? + [°)2 + [¢'[2) + 21" € W, (E,), we have
lool> + |01 > + 1P + 1P — 2 € W3, 5 (E,).
Writing out the I¥ + n¥ explicitly we have,
— (000 +018p) + (T +'1%) € WHH(E,)
—(—000i +010y) + (—'T' +'1%) € WH2(E,)
—lool* + o1 + 11 — i']> € W2 (E).
So we conclude that,
—006; +1'7° € WHA(E,) and lool> + ' > — 1, [0 2+ I°2 — 1 € WE2(E,).

Writing these equations as a single matrix equation,

0, =1 50—[0 0j — ! _ 0160—L0Z1 |01|2+|L0|2— 1
oo ! '—o1 o0g—T1Y lool?> + ' > =1 o0¢0; —¢'7°

is in Wi’,f (E,). The first matrix on the left has determinant 1 and inverse,

-1
0, —1° do 0
op ! " \—0p o)

which is in W22(E,). The result now follows from the multiplication lemma after applying
this inverse matrix to the previous equation.

Next, assuming i — 6y, ¢! — 6 € W'2, (E,), we easily find that /¥ + nk € W2 _(E,),
k=1,2,3,and any € > 0. So the system is asymptotically static.

Now to our theorem connecting the two apparently unrelated notions, the condition
| E| = m and the idea of an asymptotically static system.

Theorem 4. A stationary and isolated Maxwell-Dirac system is asymptotically static if
|E| = m.

Proof. Assume the system is stationary and isolated with |E| = m; write E = em, with
e ==l.

The proof is very simple, it simply involves manipulating expressions obtained in the
proof of theorem 1. From that proof we have,

J1+222 —¢gcosy € W2, (E,).

Note that we must have ¢ cos x > 0, for p large enough, so

J1+ 322 +ecosy € Wi (E,).

Multiplying the last two expressions and using the multiplication lemma, we have
-2 2 2,2
sin® x + 1% € W2l (Ep).

These equations together with the fact that both sin® x and /* + n* are in W,,*(E,) enable us
to conclude that

: ko ok 2,2
siny,l" +n eW_%Mg(Ep).

The system is, according to definition 3, asymptotically static. U
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7. Exponential decay, the | E| = m case

In this section we will prove that the Dirac field decays exponentially in the |E| = m case as
well—at least when the total charge gy # 0. In fact we obtain tight bounds on the decay of
the Dirac field in this case.

Theorem 5. The Dirac field for a stationary, isolated and asymptotically static Maxwell—
Dirac system, with |E| = m,x > 1, s = 3 (definition 3) and qy # 0 decays exponentially as
|x| — oo. In fact, there exists two positive constants C| and C, such that

e—4V2mi /x| e~ 4V2mi/Ix]
C173 <R < C273
x| x|
where . > 0, A2 = —ee js necessarily positive and% =¢ ==l
Remarks.
e The condition s = 3 is consistent with earlier differentiability requirements (cf

theorem 1)—it ensures that we have ‘enough differentiability’ of the Dirac field when it is
substituted into the Maxwell equations—the electromagnetic potential contains the first
derivatives of the Dirac field.
e The rather stronger decay condition ¥ > 1 can probably be relaxed to x > 0 (or at least
1

k > 5 — ¢ see proof of theorem 4) but at the expense of a much more complicated proof.

The present condition allows easy use of the multiplication lemma.

Before embarking on a proof of this theorem we will need a couple of preparatory lemmas.
In the course of proving the second of these two lemmas, we will also show incidentally that
the electric dipole moment must vanish. We are assuming that |E| = m and write % =e.
As cos x — ¢, with |[x| — oo we can take x = nm + ¢, where (—1)" = ¢ and ¢ — 0, as
|x] = oo.

We require a more careful analysis of equation (12). The imaginary part of this equation
is,

3
Bu X +2(E +eA") (n°ly — "ng) +2¢ Y A*(I*ny — n*ly) +V2m cos x (ng — 1)
k=1
—i[(éAaAAoA — oAaAAéA)nD, + (ZAE)AALA - LABAAZA)la
+ (04040 — 119446, )my + (1407 104 — 040 )y ] = 0. (17)
Assuming the system is asymptotically static and making use of lemma 2 simple calculation

reveals,

A A AA = 2,2 Aq A= ~ A A 2,2
1P0,41" +040"" 04 € W2, _ |15 (Ep) 1704704 — 0404717 € W2I_ | 5 (Ep).

From lemma 2, n° — 1° € W2, (E,).

Fora =k = 1,2, 3 we make use of n* + ¥ € WE’KZ(E,)) and our previous equation to get
2% = °np) — I+ 0"l — i) = (0° — IOl +ny) € WL (E,).

Using lemma 1 and the asymptotic staticity of the system

3
2e Z AlUne—n'ly) € WE’K271+25 (Ep)-
=1
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Putting this all together in the equation for d; x we have
1
e +2 [(gm + eAO)E(lo +n°) — em cos g} (U —mi) € WA o (E).

We need to refine our estimate for (1° — n°)/+/2, noting
lO + nO 2 1 3 . . 2
— ) —1= =) W +n) e W (E,)
() =52 L
and [0 +n%) +1] 7" € W5 (E,) we have

1 2.2
—("+n% —1e W , (E,).
\/5 2c+2 P
Now use this estimate, together with lemma 1 (to separate the monopole term) and the fact
that (I — ng) + 21 € W, 2(E,) (remember, [; = —I¥), to get

ge
okt —23/2em [1—cose + 20 L 220 | 1k e w22 (E,)
m|x| m
where v = min[2«, 1 +«]. For convenience we will write this equation in a 3-vector notation,
using V to denote the gradientand [ = (I',/ 2 13); note that (because of asymptotic staticity)
we have for the norm of [, |/|*> = [.] = % plus a term in Wf’,f . (see proof of lemma 2). We
have,

Ve —2ﬁsm[1 —cos;+%+fn—e 0}1 e W22, (E,). (18)

We will also require the asymptotically static version of equation (14), the real part of
equation (12). Firstly, from lemma 2 we have that

V2m® = V268 0% = —ogt' + 0110 € W2, (E,).
We have, after using, (i — ny) + 21 € W>2(E,),

1
—VR +2+/2em sin¢l € w2 mm[l cirae (Ep)- (19)

Now, to the ﬁrst of our two lemmas. In fact, this lemma actually gives us the exponential decay
result which we use to improve lemma 1 so that we may obtain the much tighter estimate
necessary for theorem 5.

Lemma 3. The Dirac field (and at least its first and second derivatives) of a stationary,
isolated, asymptotically static (with k > 1,s = 3 and |E| = m) Maxwell-Dirac field decays
exponentially as |x| — oo, provided qy # 0. In particular,

o2kl
R<C ] for any k such that 0 < k < 24/2m
x
here 12 = —% is necessarily positive.

Proof. We first note from theorem 4 that sin¢ € Wi’f+4€ so, for p large enough,
2
e Wf’%2+46(Ep) and V¢ € W}%ZW(EP).

Now, taking the divergence of equation (19) and using (19) again to remove the |V R|?
term,

1
EAR —4m*sin® ¢ € Wi’;E(Ep) forany € > 0.
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From the fact that V¢ € W'? | (E,) we have from (18),
2

geqy ce . geqy ce
4 +—a0=251n2£+ 4 +—aOeW1’32 .
mlx| m 2 mlx| m —gte

Our first observation is that segy < 0, since from lemma 1 a° w? ,72 with n > 1. We write

Az = —8%, and take A > 0. We can also use the last inclusion to estimate the term sin’ ¢.
We have,
222
.2 1,2
sin® ¢ — m (S] W—min[%,n]+e(Ep)‘

The second-order elliptic equation for R can now be written as

)\'2
AR — 8m? <— +a> R=0 where o € W'? (E,). (20)

— min[%,n]+s
We will now use the maximum principle utilising a comparison function

e 2V Kok
v(x)=C for which Av — | — — - ]Jv=0.
x| x| 2]x|2

Now,
2

A[R — v(x)] — 8m? ()‘— +a) [R —v(x)] = [(8m2)\2 — kz)% + ozi| v(x)

|x]

~ 1,2
where @ € W~
— min[5,n]+e

0 < k < 2+/2m) we have,

(E,). Consequently, for p large enough and for every k such that

2

AR — v(x)] — 8m? (% +a) [R —v(x)] > 0.

Choosing C such that [R — v(x)] x|z, < 0 we have by the maximum principle that R —v(x) <

0 on E,. Completing the proof of our lemma. U

Lemma 4. For a stationary, isolated asymptotically static Maxwell-Dirac system with
k > 1,5 =3 and |E| = m we have the following estimates when qo # 0.

142 N &1 e1(16A*m? +9)

VIxI - 4mlx| 96y/2am2|x |

€ W2 (E))

ey :

] = ﬁ(r —u) with u e Wi’;E(Ep)
e

LW, wd uew,

where 7 is the radial unit vector and (¢,)* = 1.

Proof. In all that follows we are assuming that p is large enough that the necessary
expansions—e.g.,sin¢ — ¢ € Wf’iE(E ») whensin¢ € Wf’iré (E,)—can be made on E,.
2 2
We begin with the estimate,

s 2 1,2
sim - — .
; )C| — m1n[%,n]+e

from the proof of lemma 3. Write,

2e1A
¢ = V21 + ¢ where & = +1

VIx]
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and substitute into equation (18)

24/2¢e1 1
fx 7 —24/2em |:\/|_8:§'1+§1:|IGW2’22+6(EP).

We have kept only terms ‘less than order 1/|x|?>* on the left of the equation. The a° from A°
is of order 1/|x|?, since we can now improve the result of lemma 1 using lemma 3—from
equation (7) we have AA? = 4me/2(1° + n°)R so A° must be the sum of an harmonic
polynomial (of negative degree) and a term which decays exponentially.
Starting with ¢ € W2’2 (since ¢ is) we have that V¢ € Wi’is, in the first instance.
2

Vi —

But then our equation (above) implies that ¢; € W7, and that,
1 ,
ﬁ? +472meryl € W (E,).
X
Now write ¢} = — 4;1' + ¢, (82 = £1) and repeat the process to find that ¢, € ngs. Asa
2
consequence we have the following estimates for ¢ and /,
2\
Y, eer oo (E,)
JVixl o 4m|x| it
1= L@ ith w2 (E
= ﬁ F—u) with u € _%K( o).
Next we use the fact that, [.] — 5 € WEKZ +¢» as the system is asymptotically static. We have,

11-1= %(—Zr.u +ul?) e Wi
It is a simple matter to show that for u € W23 2N W0’2+ we have u € W3 ’2 : begin with a
function f in W3 nw 2+ then integrate V.(0c~! £V f) over E, to show that Vfew’

1—6+€

for 0 < & < g, iterate this process to eventually find V [ € W Tee which together with

| e W0,2+€ shows that f € W1 n ..~ Now repeat the process with 8kf e w2 l+€ Wog2 e
and so on to eventually get f € W3 z L (Ep). Withu € W 1 , we can use the multlphcatlon

lemma to get |u|® = u.u € W31+E Next we use the fact that, l.l — 5 € WE,(ZH, as the system

is asymptotically static. We have,
N 3,2
11— = (=2ru+ul®) e W,
So that 7#.u € W* 1+€,as;c > 1.

We also note that an argument similar to that used above shows that as {, € W>2 N
Wl n WE’§+€ we must have {, € Wi’ie. We can now substitute,
2 2

—5+e
¢ % ¢ b (161*m?* + 9 — 96m2d i)
2 = 3 where oy = ¢
x| 96\/5)\.”12
here dis a constant vector arising from the expansion of £ A0 = \xl + Il;lc "2 +0 (‘ I‘) We find

that ¢3 € w 2 - We note from equation (18) that O.Vg“ and ¢.V§ are both in W_2 +€—here )
and ¢ are the angular unit vectors orthogonal to #. Consequently we must have d = 0.

So, as d gives rise to the electric dipole moment, we see that the electric dipole moment
must vanish.

We still have to show that e, = g¢; to obtain the precise statements of the lemma. This is
easily done by taking the estimates for sin ¢ and / and substituting them into equation (19)—to
obtain exponential decay (rather than growth!) we require g1, = 1. ]
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Proof of theorem 5. Armed with lemma 4 the theorem is remarkably simple to prove. We
start with equation (5), which can be written as

1
<L VR+ V2emsin¢ + V.l = 0.

Which gives,
7VR u.VR . 2
— +2emsin¢ +—- —V.au =0.
R r
Using equation (19) we have (as u.l € Wi’12+e)
.VR
“ € W2’32 .
R —gte

Noting that V.u € WE’QZ%, we have, using lemma 4,
2

?.VR mh 3
+24/2 +— e W* (E,).
R NERETTTIG DA
Consequently, we have
e—2mi/IT+p
R=K—
x| ™2

X

%7+ From equation (19) we see that In K € W32 so

where 8 € Wi’fﬂ and K may depend on
2

that K is a bounded function. The Sobolev inequality implies || < C/ |x|‘%+€. The result
now follows by bounding, K e”. O

8. Discussion

The results of this paper show that under fairly weak asymptotic conditions the solutions
of the stationary Maxwell-Dirac equations are highly localized—the Dirac field decays
exponentially, the solutions are ‘particle-like’.

It is worth emphasizing again that our results are based purely on rather weak asymptotic
regularity and decay assumptions. Nothing is assumed about the behaviour of the fields in the
interior region B,,. Of course, if we were looking at a complete solution we would need to
match the ‘interior’ to the ‘exterior’ asymptotic region.

Another important point to note is that all the results require the Maxwell equations only
to obtain the decay conditions of lemma 1 and the improved decay required for theorem 5. If
this decay is given, a priori, then the results apply to the ‘Dirac equation in an external field’
as it is usually presented.

One question which needs to be addressed is the possible extension of the electric neutrality
theorem of [16] to the asymptotically static case. But we leave this to a future paper.

Appendix A. 2-spinors and spinor dyads

We collect here a number of facts relating to 2-spinor dyads and their associated null vectors.
We give only a brief statement of the facts, for details the reader should consult the book of
Penrose and Rindler [15].

e 2-spinorindices are raised and lowered with €4? and € 4 5 (summation on repeated indices),
4 = eMBgp and £y = epa£? for any 2-spinor 4.
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® 0slp —Oply = €4p and o8 — o8 = eAB, where
(ean) = (") = (_1 0>.
e opt = —0%1y =1and 6,14 = 07, = 1.

e The van der Waerden symbols 0§, connect Minkowski vectors to 2-spinors and vice versa.
The +/2(ox* ) (with k = 1,2, 3) are simply the Pauli matrices and v/2(o" ) is the
identity matrix. We have, 0" 04,4 = 74 the Minkowski metric, and 0, 4,0%p3 =

€EABEAR- ' )
e Because of these relations the null vectors /¢ = aAAoAéA n =04 AT m® = aAAoALA
and m% = o® 1464 form a null tetrad; with [, and n, real, and m, complex. We have,
1¢l, =0,n%4 =0, m%my =0, 1°my = 0,1, =0, n%my =0,n%mn, =0, %, =1
and m®*my, = —1.
e For any vector X, we have,
Xo = WP Xp)loy + 1P X g)ng — (AP X g)me — (mP X g)iny,.

e 0 OABAAf—l“E) f. LALABAAf—n 9y f, and so on.

Appendix B. Explicit forms of the Dirac equations

In this appendix we collect together explicit forms of the Dirac and Klein—Gordon equations
for stationary Maxwell-Dirac systems.

In this section we use the notation 9, = 3% etc, d = d, + 1dy, and for the electromagnetic
potential A%, A = A + 1A%

The Dirac bi-spinor is,

—1Et <U )
The Dirac equations are,

E ) 0 .3 -
- —Up Uy —0.Uy— ie[(A"+ A Up+ AU]1 =0
m

: Y E 0 3

im (V- v, —dUp+0.U; — ie[AUp+ (A" — AU ] =0
2’ (B.1)

1m( —\71>+av0—av1+1e[ A+ AHV 4 AV =0
m
E

im (UO _ —\7°> SV 0704 ie[AV] — (A° — A% PO = 0.
m

The Klein—Gordon equations are easily derived via differentiation of equations (B.1), we
give the results for U only,
3
AUy + 2ie Z AU+ {(E? —m*) +2¢EA” + &2 A% A,
j=1
+ie[0. (A% + AY) + AU + ie[9.A + 3(A° — A®)]U; =0
\ (B.2)
AU, +2ie Z ATQ;U +{(E* —m?) +2eEA + e* A" A,
j=1
+ie[—0,(A° — A3 + JANU, + ie[—0.A + (A + AD) U, = 0.
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Equation (4) gives the electromagnetic potential in terms of the U and V which may in

turn be written terms of R, x and the o and (. We give only the result for A,

o_ M| 2 2,1,002 12 2E
A =—[e Y (lool” + lo1]” + 17 +|t|)—7}

2e

e 5R+'5 %1 +3(0y) + R o) +3(t'0p)
- —_— 1 Lo Lo i 1 L O L O
2e R X 1 1 R X 0 0

R . 0 0 R . 1 1
+ R + 10, x )t og+ 9.(t 09) — 7+182X Loy —a,(toy)]. (B.3)
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